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Abstract: 

 In the present paper, an attempt has been made to express a Infinite Double 

Integral Representation for the Polynomial set {( ), }n KD x y . Many interesting new 

results may be obtained as particular cases on separating the parameters.  
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I.  Introduction : 

We define the certain hypergeometric polynomial set of n-variables by 

means of generating functions. 
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Where 1 2, , , , ,....... kv       are real and 1 2 1, , ,..... ,ke e e e r are non-negative 

integers.  

The left hand sides of (1.1) contains the product of generalized 

hypergeometric functions involving Lauricella functions in the notation of Burchnall 

and Chaundy [1]. The generalized polynomial set contains a number of parameters, 

for simplicity we shall denote it 
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Where n denotes the order of the generalized polynomial set   ,n kD x y . 

After little simplification (1.1) gives. 
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(ii )    
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       3. Theorem: For 2 1,....., 1ke e   

     𝐷𝑛{(𝑥𝑘),𝒴} =
4 𝜎1

𝑎𝜎2
𝑏𝜉𝜎

Γ(α)Γ (𝑏)
∫ ∫ 𝑒1

2𝑎−1𝜉1
2𝑏−1∞

0
𝑒−(𝜎1𝑒1

2+𝜎2𝜉1
2)∞

0
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     × 𝐹𝑞+ℎ+𝑠 ∶ 𝑉1,𝑉2,…………..𝑉𝑘

1+𝑝+𝑔+𝑟 ∶ 𝑢1,𝑢2……….𝑢𝑘 [
[−𝑛; 𝑒, 𝑒1, 𝑒2 …… . . 𝑒𝑘]

__________________,
 

 

  [(1 − (𝐵𝑞) − 𝑛): 𝑒, 𝑒1, 𝑒2 − 1…𝑒𝑘 − 1], [(1 − (𝛽ℎ) − 𝑛): 𝑒, 𝑒1, 𝑒2 …𝑒𝑘], 

    [(1 − (𝐴𝑝) − 𝑛): 𝑒, 𝑒1, 𝑒2 − 1…𝑒𝑘 − 1], [(1 − (𝛼𝑔) − 𝑛): 𝑒, 𝑒1, 𝑒2 … . 𝑒𝑘],   

 

       [(𝛼𝑟) ∶ 1], [(𝛾𝑢1
) ∶ 1][(𝛾𝑢2

) ∶ 1]… [(𝛾𝑢𝑘
) ∶ 1], [𝜎: 1], 

          [(𝑏𝑠) ∶ 1], [(𝛿𝑉1
) ∶ 1], [(𝛿𝑉2

) ∶ 1]… [(𝛿𝑉𝑘
) ∶ 1], 

 

      ×
−𝑣(−1)𝑒(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)

𝜉(𝜇𝑥1
𝑟1)

𝑒 ,
𝜇1(−1)𝑒1(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)

(𝜇𝑥1
𝑟1𝒴)

𝑒1 , 

 

      ×
𝜇2𝑥2

𝑒2(−1)𝑒2(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)+𝑝+𝑞

(𝜇𝑥1
𝑟1𝒴)

𝑒2 , ………… 

 

      ×
𝜇𝑘𝑥𝑘

𝑒𝑘(−1)𝑒𝑘(1+𝑟+𝑠+𝑔+ℎ+𝑝+𝑞+1)+𝑝+𝑞

(𝜇𝑥1
𝑟1)

𝑒𝑘
]  𝑑𝑒𝑑𝜉     …… (3.1)                 

   Proof: 

            𝐼 =  𝜉𝜎 ∫ ∫ 𝑒1
2𝑎−1𝜉1

2𝑏−1∞

0
𝑒−(𝜎1𝑒1

2+𝜎2𝜉1
2) ∑ ∑ ∑ ……

[
𝑛−𝑒𝑚−𝑒1𝑚1

𝑒1
]

𝑚2=0

[
𝑛−𝑒𝑚

𝑒1
]

𝑚1=0

[
𝑛

𝑒
]

𝑚=0

∞

0
 

 

            × ∑
[(𝐴𝑝)]

𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

[(𝐵𝑞)]
𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

[
𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……..𝑒𝑘−1𝑚𝑘−1

𝑒𝑘
]

𝑚𝑘=0  
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          ×
[(𝛼𝑔)]

𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘
[(𝑎𝑟)]𝑚 ,[(𝛾𝑢1)]

𝑚1
[(𝛾𝑢2)]

𝑚2
…[(𝛾𝑢𝑘

)]
𝑚𝑘

[(𝛽ℎ)]𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘
[(𝑏𝑠)]𝑚 ,[(𝛿𝑉1)]

𝑚1
[(𝛿𝑉2)]

𝑚2
….[(𝛿𝑉𝑘

)]
𝑚𝑘

 

 

         ×
(𝜎)𝑚(−𝑣)𝑚𝜇1

𝑚1(𝜇2𝑥2
𝑒2)

𝑚2
……(𝜇𝑘𝑥𝑘

𝑒𝑘)
𝑚𝑘

𝜎1
𝑚1𝜎2

𝑚2

𝜉𝑚   𝑚!  𝑚1!  𝒴𝑒1𝑚1+𝑒2𝑚2𝑚2!   (𝑚𝑘)!   (𝑎)𝑚1
(𝑏)𝑚1

 

 

         ×
(𝜇𝑥1

𝑟1)
𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘

(𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘)
𝑑𝑒1𝑑𝜉1 

 

      = 𝜉𝜎 ∑ ∑ ∑ ……
[
𝑛−𝑒𝑚−𝑒1𝑚1

𝑒2
]

𝑚2=0
∑

[
𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘−1

𝑒𝑘
]

𝑚𝑘=0

[
𝑛−𝑒𝑚

𝑒1
]

𝑚1=0

[
𝑛

𝑒
]

𝑚=0  

 

       ×
[(𝐴𝑝)]

𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘
[(𝛼𝑔)]

𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘

[(𝐵𝑞)]
𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

[(𝛽ℎ)]𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘

 

 

      ×
[(𝑎𝑟)]𝑚,[(𝛾𝑢1)]

𝑚1
[(𝛾𝑢2)]

𝑚2
…[(𝛾𝑢𝑘

)]
𝑚𝑘

(𝜎)𝑚(−𝑣)𝑚𝜇1
𝑚1(𝜇2𝑥2

𝑒2)
𝑚2

[(𝑏𝑠)]𝑚,[(𝛿𝑣1)]
𝑚1

[(𝛿𝑣2)]
𝑚2

…[(𝛿𝑣𝑘
)]

𝑚𝑘
𝜉𝑚  𝑚! 𝑚1!  𝒴𝑒1𝑚1+𝑒2𝑚2

 

 

       ×
…….(𝜇𝑘𝑥𝑘

𝑒𝑘)
𝑚𝑘

𝜎1
𝑚1𝜎2

𝑚2(𝜇𝑥1
𝑟1)

𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2…….𝑒𝑘𝑚𝑘

𝑚2!  𝑚𝑘!  (𝑎)𝑚1
(𝑏)𝑚(𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……𝑒𝑘𝑚𝑘)!

 

 

       × ∫ ∫ 𝑒1

2𝑎−1+2𝑚1𝜉1
2𝑏−1+2𝑚1

𝑒−(𝜎1𝑒1
2𝜎2𝜉1

2)∞

0
𝑑𝑒1𝑑𝜉1

∞

0
 

 

       = 𝜉𝜎 ∑ ∑ ∑ ……
[
𝑛−𝑒𝑚−𝑒1𝑚1

𝑒2
]

𝑚2=0

[
𝑛−𝑒𝑚

𝑒1
]

𝑚1=0

[
𝑛

𝑒
]

𝑚=0
∑

[
𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2…….𝑒𝑘−1𝑚𝑘−1

𝑒𝑘
]

𝑚𝑘=0  
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       ×
[(𝐴𝑝)]

𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘
[(𝛼𝑔)]

𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……..𝑒𝑘𝑚𝑘

[(𝐵𝑞)]
𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

[(𝛽ℎ)]𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……..𝑒𝑘𝑚𝑘

 

 

         ×
[(𝛼𝑟)]𝑚1[(𝛾𝑢1)]

𝑚1
[(𝛾𝑢2)]

𝑚2
…[(𝛾𝑢𝑘)]

𝑚𝑘
(𝜎)𝑚(−𝑣)𝑚𝜇1

𝑚1(𝜇2𝑥2
𝑒2)

𝑚2

[(𝑏𝑠)]𝑚1[(𝛿𝑉1)]
𝑚1

[(𝛿𝑉2)]
𝑚2

…[(𝛿𝑉𝑘
)]

𝑚𝑘
𝜉𝑚  𝑚!  𝑚1!  𝒴𝑒1𝑚1+𝑒2𝑚2

 

 

          ×
……(𝜇𝑘𝑥𝑘

𝑒𝑘)
𝑚𝑘

(𝜇𝑥1
𝑟1)

𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……..𝑒𝑘𝑚𝑘𝜎1
𝑚1𝜎1

𝑚2Γ(𝑎+𝑚1)Γ(𝑏+𝑚1)

𝑚2! 4(𝑎)𝑚1
(𝑏)𝑚1 𝑚𝑘! (𝑛−𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2……..𝑒𝑘𝑚𝑘)!𝜎2

𝑎+𝑚2  

 

         = 𝑃
Γ𝑎Γ𝑏

4  𝜎1
𝑎𝜎2

𝑏 ∑
[1−(𝐵𝑞)−𝑛]

𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

[1−(𝐴𝑝)−𝑛]
𝑛−𝑒𝑚−𝑒1𝑚1−(𝑒2−1)𝑚2……(𝑒𝑘−1)𝑚𝑘

∞
𝑚,𝑚1,𝑚2,……..𝑚𝑘=0  

 

         ×
[1−(𝛽ℎ)−𝑛]𝑒𝑚+𝑒1𝑚1+𝑒2𝑚2……..𝑒𝑘𝑚𝑘

[(𝑎𝑟)]𝑚1[(𝛾𝑢1)]
𝑚1

[(𝛾𝑢2)]
𝑚2

…[(𝛾𝑢𝑘
)]

𝑚𝑘

[1−(𝛼𝑔)−𝑛]
𝑒𝑚+𝑒1𝑚1+𝑒2𝑚2……..𝑒𝑘𝑚𝑘

[(𝑏𝑠)]𝑚1[(𝛿𝑉1)]
𝑚1

[(𝛿𝑉2)]
𝑚2

…[(𝛿𝑉𝑘
)]

𝑚𝑘

 

 

       ×
(−𝑛)𝑒𝑚−𝑒1𝑚1−𝑒2𝑚2+.....+𝑒𝑘𝑚𝑘

(−𝑣)𝑚(−1)𝑒(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)𝑚

𝜉𝑚  𝑚!  (𝜇𝑥1
𝑟1)

𝑒𝑚  

 

      ×
𝜇1

𝑚(−1)𝑒1(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)𝑚1

(𝜇𝑥1
𝑟1𝒴)

𝑒1𝑚1 ,
     𝜇2𝑥2

𝑒2(−1){𝑒2(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)+𝑝+𝑞}𝑚2

(𝜇𝑥1
𝑟1 ,𝒴)

𝑒2𝑚2   

 

         ……………… ,
𝜇𝑘𝑥𝑘

𝑒𝑘(−1){𝑒𝑘(𝑟+𝑠+𝑝+𝑞+𝑔+ℎ+1)+𝑝+𝑞}𝑚𝑘

(𝜇𝑥1
𝑟1)

𝑒𝑘𝑚𝑘
                     … (3.2) 
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    The Single terminating factor(−𝑛)𝑒𝑚+𝑒1𝑚1+𝑒2𝑚2+⋯..+𝑒𝑘𝑚𝑘
 makes all summation 

in (3.2) run upto ∞ and we finally arrive at 

 

     = 𝑃
Γ(𝑎)Γ(𝑏)

4  𝜎1
𝑎𝜎2

𝑏 𝐷𝑛{(𝑥𝑘), 𝒴} 

     Hence the theorem  

       On using(156) 

         

∫ ∫ 𝑒2𝑎−1𝜉2𝑏−1∞

0
𝑒−(𝜎1𝑒2+𝜎2𝜉2)𝒅𝒆𝒅𝜉 =  

Γ 𝑎 Γ 𝑏

4  𝜎1
𝑎𝜎2

𝑏        … (3.3)
∞

0
 

     Particular Cases of 3.2 

 

 

(i) For p=o=q=g=h=u2=v2;𝜎=1=𝜉=𝜈=r1=y,𝜇=2=e2;𝜇2=-1 in (3.1 ), we get  

 

           𝐻𝑛(𝑥) =  
4 𝜎1

2𝜎2
2(2𝑥)𝑛

𝑛! Γ𝑎 Γ𝑏
∫ ∫ 𝑒1

2𝑎−1∞

0
𝜉1

2𝑏−1𝑒−(𝜎1𝑒1
2+𝜎2𝜉1

2)∞

0
 

 

          × 𝐹 [

−𝑛

2
,
−𝑛

2
+

1

2
;

                          −
𝜎1𝜎2

𝑥2

(𝑎: 1), (𝑏: 1)

] 𝑑𝑒1𝑑𝜉1  

 

 

(ii )  On taking p=0=q=g=h=u2;v2=1=𝜉=𝜎=𝜈=r1=e=𝛿,=y=𝜇;𝜇2 =
1

4
, =2 and 

𝑥

√𝑥2−1 
 for x1 we 

achieve 

 

           𝑃𝑛(𝑥) =
4 𝜎1

2𝜎2
2𝑥𝑛

𝑛! Γ𝑎 Γ𝑏
∫ ∫ 𝑒1

2𝑎−1∞

0
𝜉1

2𝑏−1𝑒−(𝜎1𝑒1
2+𝜎2𝜉1

2)∞

0
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          × 𝐹

[
 
 
 

(𝑥2−1)

𝑥2
𝜎1𝜎2

1,(𝑎:1),(𝑏:1)

−𝑛

2
,
−𝑛

2
+

1

2
;

]
 
 
 

𝑑𝑒1𝑑𝜉1 

 

       ( iii)    On making the substitution p=o=q=u2=v2;h=1=y=𝜈=𝜉=e=r1=𝜎;e2=2=𝜇;g={1,2},  

                𝜇2=1;𝛼1=𝛼; 𝛼2=𝛽;= 𝛽1 = 𝛼 + 𝛽 in (3.1) arrive at   

 

           𝐺𝑛(𝛼, 𝛽; 𝑥) =
4  (𝛼)𝑛(𝛽)𝑛(2𝑥)𝑛𝜎1

2𝑎2
2

𝑛! (𝛼+𝛽)𝑛Γ 𝑎 Γ 𝑏
 

 

          × 𝐹

[
 
 
 
 

𝜎1𝜎2

𝑥2

1−𝛼−𝑛,1−𝛽−𝑛,(𝑎:1),(𝑏:1);

−𝑛

2
,
−𝑛

2
+

1

2
,1−𝛼−𝛽−𝑛;

]
 
 
 
 

𝑑𝑒1𝑑𝜉1 

 

(vi)   On putting q=0=h=u2=p;𝜈2=1=𝜉=𝜎 = 𝜈=r1=e=y= 𝜉;g={1,2}, 

 𝛼1=1=𝛼2= 𝜈, 𝛿1= 𝜈;e2=2= 𝜇;𝜇2=-1 and  z for x1 in (3.1), we get 

 

  𝑅𝑛,𝑣 (
1

2
) =  

4 𝜎1
𝑎𝜎2

𝑏(𝑣)𝑛(2𝑍)𝑛

𝑛! Γ 𝑎 Γ 𝑏
∫ ∫ 𝑒1

2𝑎−1𝜉1
2𝑏−1𝑒

−(𝜎1𝑒1
2+𝜎2𝜉1

2)∞

0

∞

0
 

 × 𝐹 [ 𝜎 1
𝜎2

𝑧2

−𝑛,1−𝑣−𝑛.𝑣,(𝑎:1),(𝑏:1);

−𝑛

2
,
−𝑛

2
+

1

2
;

] 𝑑𝑒1𝑑𝜉1 

 

(v)   On putting q=o=h=y=u2=v2= 𝜎;p=1=r1=e= 𝜈= 𝜉=j;e2=3= 𝜇;𝜇2=-1𝛽1 = 𝜈 and x1=x in (3.1), 

we get 

 

        ℎ𝑛(𝑥) =  
4  𝜎1

𝑎𝜎2
𝑏(𝑣)𝑛(3𝑥)𝑛

𝑛! Γ 𝑎 Γ 𝑏
∫ ∫ 𝑒1

2𝑎−1𝜉1
2𝑏−1𝑒

−(𝜎1𝑒1
2+𝜎2𝜉1

2)∞

0

∞

0
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       × 𝐹 [ 𝜎1𝜎2

4𝑥3
Δ(2;1−𝑣−𝑛),(𝑎:1),(𝑏:1);

Δ(3;−𝑛);

] 𝑑𝑒1𝑑𝜉1 

 

(vi) On putting , 𝑎 =
1

2
, we achive 

        𝑔𝑛
∗(𝑥) =

4  (
1

2
)
𝑛
𝜎1

𝑎𝜎2
𝑏(3𝑥)𝑛

𝑛! Γ 𝑎 Γ 𝑏
∫ ∫ 𝑒1

2𝑎−1𝜉1
2𝑏−1𝑒

−(𝜎1𝑒1
2+𝜎2𝜉1

2)∞

0

∞

0
 

       × 𝐹 [ 𝜎1𝜎2

4𝑥3Δ(2;
1

2
−𝑛),(𝑎:1),(𝑏:1); 

Δ(3;−𝑛)

] 𝑑𝑒1𝑑𝜉1 

 

(vii) )    On making the substitution p=o=q=u2=v2= 𝜎 ;=µ=1=r1=𝑦=𝑣 = 𝜉=e,e2=3,µ2=-1 and 

putting x1=3𝑦 we get  

𝜇2=1;𝛼1=𝛼; 𝛼2=𝛽;= 𝛽1 = 𝛼 + 𝛽 in (3.1) arrive at   

 

         ℎ𝑛
∗ (𝒴) =

4 𝜎1
𝑎𝜎2

𝑏(3𝒴)𝑛

∫ ∫ 𝑒1
2𝑎−1𝜉1

2𝑏−1𝑒
−(𝜎1𝑒1

2+𝜎2𝜉1
2)∞

0

∞

0
 

        × 𝐹

[
 
 
 

𝜎1𝜎2

𝒴3

(𝑎:1),(𝑏:1); 

−𝑛

3
,
−𝑛+1

3
,
−𝑛+2

3
;

]
 
 
 

𝑑𝑒1𝑑𝜉1 
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